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Vibration of Symmetrically Laminated Rectangular Plates
Considering Deformation and Rotatory Inertia
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and
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An analytical study was conducted using the Galerkin technique to determine the natural frequencies and
mode shapes for symmetrically laminated rectangular plates, considering the effects of shear deformation and
rotatory inertia. Two different graphite-epoxy symmetric plates were used in the analysis and three different
boundary conditions for each plate, simply supported, clamped, and two opposite sides clamped/two opposite
sides simply supported, were considered. Convergence characteristics, comparison to classical results, and the
effects of length to thickness ratios were investigated. The finding indicated that as the length to thickness ratios
were reduced («//*, b/h<3Q for the first mode), shear deformation effects significantly lowered the natural fre-
quencies. Analysis also showed that rotatory inertia effects were very small. Convergence characteristics for all
three boundary conditions were very good, and excellent agreement with the classical solutions was achieved.

Introduction

I N recent years, interest in the use and application of com-
posite materials has greatly increased. This is due in part to

their high strength to weight ratios and the fact that they can
be tailored for specific applications. Because of their unique
properties, they have opened up numerous fields of research
and analysis.

Past developments have shown that the dynamic response
of composite plates departs more from classical thin plate
theory than that of isotropic plates. It has been found that
vibration analysis based on this theory yields frequencies that
are too high. Therefore, to gain better agreement with real-
ity, the theories used in analyzing the response of composite
plates need to include the effects of shear deformation and
rotatory inertia.

A number of theories including shear deformation and
rotatory inertia have been proposed to date. Mindlin1 in-
troduced a two-dimensional theory of flexural motion for
isotropic elastic plates. Yang et al.2 extended Mindlin's plate
theory to laminates consisting of an arbitrary number of
bonded anisotropic layers (commonly referred to as the YNS
theory). They considered the frequency equations for the
propagation of harmonic waves in a two-layer, infinite,
isotropic plate. Whitney and Pagano3 applied the YNS
theory to laminated plates consisting of an arbitrary number
of bonded anisotropic layers, each having one plane of sym-
metry parallel to the central plane of the plate. Using this
theory, they presented a closed-form solution for the free
vibrations of antisymmetric angle-ply plate strips. Following
Whitney and Pagano, Bert and Chen4 presented a closed-
form solution for the free vibration of simply supported rec-
tangular plates of antisymmetric angle-ply laminates.
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In each of these references, the inclusion of shear defor-
mation and rotatory inertia considering boundary conditions
other than simple supports was not carried out. In addition,
none of these references considered laminates with non-
vanishing bending-twisting shear coupling terms. Recent
works by Dym and Shames5 and Dawe and Craig6'7 have
considered the vibration of rectangular plates with non-
vanishing bending-twisting shear coupling. However,
numerical results for such plates were limited to
homogeneous, unidirectional composites with the fibers off-
axis, relative to the sides of the plate.

In the present paper, three different boundary conditions
are considered in conjunction with the Galerkin method for
determining the natural frequencies and mode shapes for
symmetrically laminated, rectangular plates, including the ef-
fects of transverse shear deformation and rotatory inertia.
Bending-twisting shear coupling terms are included in the
formulation of the problem. Two different graphite-epoxy
symmetric plates with [0/90]s and [±45] s orientations
were used in the analysis. The three different boundary con-
ditions considered for each plate were: simply supported,
clamped, and two opposite sides clamped/two opposite sides
simply supported. Convergence characteristics, comparison
to classical results, and the effects of length to thickness
ratios were investigated.

Modeling
Governing Equations

Figure 1 illustrates the standard ;c, y, z Cartesian coor-
dinate system used herein. The plate thickness and in-plane
dimensions are denoted by h, a, and b, respectively. In addi-
tion, the plate is composed of an arbitrary number of layers
with arbitrary fiber orientation in each layer. The Mindlin-
type laminated plate equations2'3 for the bending of sym-
metric, anisotropic laminates are based on the assumed
displacement field:

v = z\lsy(x,y,t) = w(x,y,t) (1)
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where «, v, and w are the x, y, and z coordinate displace-
ments, respectively, and \l/x and \j/y are the rotations of a line
perpendicular to the midplane due to bending.

The plate moment, shear force, and displacement rela-
tions, taken from Ref. 3, and reduced to a form for sym-
metric laminates (commas denote partial differentiation) are:

(2)

(3)

where k is the shear correction factor introduced by Mindlin.
The moments and shear forces are

i h/2
(ax,ay,ffxy)zdz

— h/2

i h/2
(rn,ryz)Az (4)

— n/2

and the extensional stiffnesses Ay and the bending stiffnesses
Du are

^ h/2

S h/2

-hn a'C (5)

where Cy are the anisotropic stiffnesses associated with in-
terlaminar shear and Qfj the anisotropic reduced stiffnesses
for plane stress.

The governing equations of motion for a plate may be
derived by formulating the Lagrangian function (in terms of
plate variables) for the plate and applying Hamilton's princi-
ple to that Lagrangian. This approach will also yield the re-
quired boundary conditions. Reference 8 formulates the
Lagrangian for an isotropic plate including the effects of
transverse shear and rotatory inertia (modeled using the
Mindlin plate theory). Following the derivation from that
text and denoting partial differentiative with respect to the
space variables by a comma and with respect to time by a
dot, we have, after applying Hamilton's principle and
Green's theorem, the following:

[ (MxyWxdx-MxWxdy) +

(6)

where the double integral over the domain represents the
equations of motion for the plate and the line integral
around the contour represents the required boundary condi-
tions. Also,

S h/2 p h/2
pdz • / = pz2dz

-h/2 J -h/2

where p is the ply density per unit volume.

(7)

To determine the equation of motion for the plate at any
time /, we take the double integral expression over the do-
main and note that the variation cannot be zero over this
region. Therefore, the coefficients for each variation coor-
dinate must be equal to zero. Thus, we have

MXtX+Mxyty-Qx=I$x

Qx,x + Qy,y+q = pW (8)

If we assume the time dependence to be harmonic, then we
can separate out the time variable in Eq. (8) and have

yty -Qx

M

= 0

- 0

,xx + 2Nxy W, wy + Ny

(9)

(10)

0 0

where co is the frequency of vibration and q = Nxw>xx
+ 2Nxyw>xy+Nyw>yy. This will allow the use of our equations
to solve the linear bifurcation problem. We will retain this
expression throughout the development but will not consider
it when solving the vibration problem. Thus, Eqs. (9-11) are
the plate equations of motion.

Before proceeding further, we must determine the ap-
propriate boundary conditions for the system of equations
that are sufficient to assure a unique solution. These can be
determined from the line integral expression in Eq. (6). The
boundary conditions associated with Eq. (9) are represented
by d\l/x and its coefficient. Thus we have

l<- (12)

Similarly, the associated boundary conditions for Eqs. (10)
and (11) are, respectively,

Jr y

Jr x

(13)

(14)

We now have the equations of motion and the required
boundary conditions and can proceed with finding a solution
for this system.

Galerkin Technique
The Galerkin technique11 will be used to obtain an approx-

imate solution to the set of partial differential equations that
describe the motion of the plate. The approach will be to
formulate the Galerkin equations, make appropriate substi-
tutions, and then normalize the equations.

In the Galerkin method, we seek a solution to the govern-
ing equations in the variational form of Eq. (6). Solutions
are assumed to be of the form

m=\ «= 1
M N

m=\ n=\
M N

(15)
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where Amn9 Bmn_, and Cmn are undetermined coefficients and (17), (18), and (19), we have
the functions $xmn9 ^ymn-> an^ Wmn must satisfy the geo-
metric boundary conditions. Taking the first variation with
respect to the undetermined coefficients, we obtain the
results

+ (Dl2+DtoWy,x
M N

_ ^

0

m = 1 n= 1
M N

5w= £ £ WmnbCmn (16)
m= 1 /i= 1

Substituting Eq. (16) into Eq. (6), collecting terms, and set-
ting the coefficients of 5Amn9 dBmn, and dCmn equal to zero,
we obtain the following set of homogeneous algebraic equa-
tions:

o (Mx(0,y)ixpq(0,y)-Mx(a,y)ixpq(a,y)]dy
a (• b

L L«J 0 JO* = ° (17)

i b f a 2 '
o Jo ^"^ y>y y y ypq

i b
[Mxy (0,y)tymn Wj) ~^Xy (WWyp, (^) 1 ̂

0

i fl - - +Dte((l'X,y(Q>y) +^yX(Q>y))]$ypq(Q>y) ~ [D^ x x(d,y)
[My(x,Q)\l/ypq(x,Q)-My(x,b)\l/ypq(x,b)]dx = Q (18)o

f b p a +^26^y,y (a>y) +^66(^,7 (<*>y) + ^y,X(a>y} ) ] $'ypq (^^) ) 4y
\ (Qxx + Qw+Nxwxx + 2NYVw YVJ 0 J 0 ' ' -^ -^

f
(n

6[ex(o,>')^w(o^) °
j o

-G,(^)^w(^)]d7 +

-Q^U«»^U^)]djc=0 (19) +^26(^/^)+^Uft))]*wU^))djf=0 (21)

where /?= 1,2,...,M and <7= 1,2,...,M. ra rb
Now substituting the displacement variables in place of the J0 Jo

moments and shear forces [from Eqs. (2) and (3)] into Eqs.

Table 1 Stiffness elements for plate 1

Element

d*2

dL

Graphite-epoxy [0/90]s

Nondimensional value

0.3857174
0

0.385714
1.11083
0.0251509

0
0.23055

0
0.0357143

f b

Jo

+ rJo

r /^

Wpq(a,y) }Ay

(x,0) + kAMw_y (x,0)] W (x,0)

ptl(xrb))dx=0 (22)
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where Ny=-klNQ9 Nx=-k2N0, and Nxy = k3N0. We
choose to normalize Eqs. (20-22) by the following scheme:

dtj = Du/E2h3, au =Aij/E2h, R = a/b

s — a/h, w = w/h, % = x/a, rj = y/b

\! = N0b2/E2h\ \2 = u2 =pa4u2/E2h3

where d^ and a^ are normalized bending and extensional
stiffnesses, respectively, E2 is Young's modulus in the direc-
tion normal to the lamina fibers, R the plate aspect ratio, s
the length to thickness ratio, w the normalized frequency, £
the normalized x coordinate, 77 the normalized y coordinate,
and h the plate thickness. We will also make the substitution

'=—— fh2p J pz2dz (23)

P 1 p 1

[^16
J O J O

(0,1, ) + «? ) (0,r, ) + ̂ ,>

The reason for this substitution is that it will allow us to con-
struct a laminate of different materials. Thus we can use our
homogeneous theory to handle hybrid composite_ plates.
Note that if each ply has the same density p, then /= 1.

After these substitutions and subsequent simplifications,
Eqs. (20), (21), and (22) become, respectively,

Jo L

f 1
J 0

(£.0) + ̂ i

(24)

Table 2 Stiffness elements for plate 2

Graphite-epoxy [±45] s

Element Nondimensional value

a
a45

*55
d\\
d\2
d\6
d22
d26
^66

0.385714
0

0.385714
0.383635
0.312207
0.22007
0.383635
0.22007
0.32277

(25)

JO JO

+ 2/c - k{ (R4/s2)\ l^.w

(\2/S2)] \
J 0

\
j o

(26)

At this point we are ready to pick a boundary condition,
find approximate functions for \//x, \l/y, and w for that condi-
tion, and substitute into Eqs (24), (25), and (26). If we could
find approximate functions that would satisfy both the
geometric and natural boundary conditions, then the bound-
ary integrals in Eqs. (24-26) would vanish. However, finding
such functions is extremely difficult, if not impossible. This
is particularly true for laminates with nonvanishing shear
coupling stiffness A45, Z)16, and D26. We can find functions
that satisfy the geometric boundary conditions. In this case,
the boundary integrals in Eqs. (24-26) do not vanish and
must be included in the analysis. It should be noted that
these boundary integrals also vanish when all of the bound-
ary conditions are geometric in nature, such as in the case of
all four clamped boundaries.

Simply Supported Boundary Condition
Since the Galerkin equations have been formulated, it is

possible to choose the displacement and rotation functions
(w,^.,^,) that satisfy the three equations for each boundary
condition being considered. These differential equations can
be integrated, resulting in three algebraic equations (for each
boundary condition). The eigenvalue problem can be for-
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mulated and from that the natural frequencies and mode
shapes can be obtained.

For a plate simply supported on all sides, we know from
plate theory that at

(27)

and at

= 0 (28)

Therefore, we shall choose for our admissible functions
(functions that satisfy the geometric boundary conditions
and are continuously differentiable one time) in terms of
normalized coordinates

m=l n- 1
M N

m= 1 n= 1
M N

(29)

We now substitute these functions and their appropriate
derivatives into Eqs. (24-26). Some discussion is required
here to understand the equations resulting from this substitu-
tion, integration, and simplification. When substituting for
\I/%, il/y, and w, the dummy variables m and n represent in-
teger values indentifying the different terms in the infinite
series. When substituting for i/^, ^wq, and Wpq, the dum-
my variables p and q will be used instead of m and n. This
will insure that we will not lose any terms when performing
the required multiplications and integration in Eqs. (24-26).
Because our assumed functions are made up of sine and
cosine functions, and because the argument of each of these
consists of an integer multiple of TT, we can easily integrate
and evaluate these expressions. However, the value of these
integrals will depend on the value of m, n, p, and q, whether
m — n (or p = q), and whether the sum of the integer dummy
variables m+p (or n + q) is even or odd. Thus, to represent
the entire set of Galerkin equations as three equations, the
following notation is used. For expressions of the form (l/2
or 0) the value on the left side of the "or" results when
m-p (or n=p) and the value on the right side results when

(or n^q). Sometimes the right side of the expression

has the added dependence on whether the sum of m+p (or
n+p) is even or odd. This will be expressed as (0 or 0 even,
2m odd). If the sum is even, then the value marked even
results from the integration. Likewise, if the sum is odd,
then the value marked odd results. Thus, when we substitute
our assumed functions [Eqs. (29)], into Eqs. (24), (25), and
(26) and integrate and simplify, we have, from Eq. (24),

or or OK-

~ks2a55/ir2 + A2//12S27r2)-(0 or even, 2m odd)

x (0 or 0 even, 2q odd)(2Rmndl6)/((m2 -p2)(q2 ~ n2))

+ (0 or 0 even, 2q odd) [nRdl6(i - cos(mir) cos (pit) ) ]

+ (q2-n2)}Amn+{<jr2(Y2 or 0)(>/2 or 0)

x ( - mnR(d{2 + d66)) - (0 or 0 even, 2m odd)

x(0 or 0 even, 2q odd)(m2d}6 + n2R2d26)

+ ((m2 -p2)(q2 - n2)) + (0 or 0 even, 2q odd)

x [/m/16(l-cos(/mr) cos(p?r))]/(<?2 -n2)\Bmn

- [TT( 1/2 or 0)0/2 or Q)(mksa55)] Cmn = 0 (30)

from Eq. (25)

M N

XJ I] (7r2(!/2 or 0)0/2 or 0)(- mnR(dl2+d66))
m=l n=l

- (0 or 0 even, 2p odd)(0 or 0 even, 2n odd)

x (m2dl6 + n2R2d66)/((p2 - m2)(n2 - q2))

+ (0 or 0 even, 2p odd)[nRd26(l -cos(mr))]

+ (P
2-m2)]Amn+{>K2(V2wV)(V2 orO)

x ( - m2d66 - n2R2d22 - (ks2a44)/ir2 + \2I/\2S2w2)

- (0 or 0 even, 2p odd)(0 or 0 even, In odd)

x (2Rmnd26)/((p2 - m2)(n2 - q2)) + (0 or 0 even, 2p odd)

x [md26(\-cos(nir) cos(q<jr))]/(p2 - m2)}Bmn

- [7r(/2 or 0)0/2 or 0)(nRksa44)]Cmn = 0 (31)

and from Eq. (26)

M N

S U -ir('/2 or 0)0/2 or 0)(mfcsass)Amn
m=\ n=\

-TrO/2 or 0)0/2 or Q)(nRksa^)Bmn

+ [7r20/2 or 0)0/2 or 0)(-m2ka55-n2Rka44

Fig. 1 Plate geometry.

+ (0 or 0 even, 2p odd)(0 or 0 even, 2q odd)

x (2k3mnR^\l)/(s2(p2-m2)(q2~n2))]Cmn^O (32)
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Equations (30-32) represent the entire set of Galerkin
equations for the simply supported boundary and are now
ready to be programmed. The process to generate the set of
Galerkin equations is to pick an M and N (they must be
equal) and then create an equation for every combination of
p and q.

It should be noted that Eq. (29) is an exact solution for
orthotropic plates (A45 = D16 = D26 = 0) without inplane shear
loading (k3=Q). For this special case, Eqs. (30-32) can be
uncoupled to produce MxN sets of three equations involv-
ing the coefficients Amn, Bmny and Cmn. Thus, an indepen-
dent set is produced for each value of m and n. The same set
of equations can be obtained by substituting Eq. (29) into
the equations of motion [Eqs. (9-11)]. This is anticipated,
as the Galerkin method will produce an exact solution when
the assumed displacement functions coincide with the exact
solution.

Clamped Boundary Condition
For a plate clamped on all sides, one knows from plate

theory that at

and at
(33)

(34)

Therefore, we shall choose for our admissible functions in
terms of normalized coordinates

m = 1 n = \
M N

B

m= 1 n=l
M N

W= Cmn si (35)

As before, substituting these functions and their ap-
propriate derivatives into Eqs. (24), (25), and (26), and in-

0 2 4 6 8 10
VALUE OF M & N

Fig. 2 Normalized frequency vs M and TV; plate 2 (clamped bound-
ary—third mode).

tegrating, simplifying, and taking only a finite number of
terms, we have from Eq. (24)

[*-2(1/2 or °K1/2 or W(-
m=\ n=\

-ks2z55/ir2 + X2//12S27r2) - (0 or 0 even, 2p odd)

x (0 or 0 even, 2q odds)(2Rmndl6)/ ( (p2 - m2)

x (q2 -n2))]Amn + [7T20/2 or 0)0/2 or 0)( -m2dl6

- n2R2d26) + (0 or 0 even, 2p odd)(0 or 0 even, 2q odd)

x (mnR(dl2 + d«))/( (p2-m2)(q2-n2))]Bmn

- [TT(O or 0 even, 2p odd)(/2 or 0)

x (mksa55)/(p2-m2)]Cmn=0 (36)

from Eq. (25)

M N

or or 0)(-m2dl6 -n2R2d26)

- (0 or 0 even, 2p odd)(0 or 0 even, 2q odd)

x (mnR(dn + d66))/((p2 - m2)(q2 -n2))]Amn

+ [7r2(/2 or 0)0/2 or 0)(-m2d66-n2R2d22

- (ks2a44)/7r2 + X2//12527r2)

+ (0 or 0 even, 2p odd)(0 or 0 even, 2q odd)

x (2Rmnd26)/((p2-m2)(q2-n2))]Bmn

- [ir(/2 or 0)(0 or 0 even, 2q odd)

x (nRksa44)/(q2-n2)]Cmn=Q

and from Eq. (26)

M N

(37)

-7r(0 or 0 even, 2p odd)(!/2 or 0)
m = 1 n = 1

x (tnksa55)/(p2-m2)Amn + ir(V2 or 0)

x (0 or 0 even, 2q odd)(nRksa44)/(q2 -n2)Bmn

+ [TT2(l/2 or 0)0/2 or 0)(-m2^55 -n2R2ka44

+ k2\{m2(R2/s2) + k{ \{n2(R4/s2 + X2/S27r2))

+ (0 or 0 even, 2p odd)(0 or 0 even, 2q odd)

x (2k3mnR3\])/(s2(p2-m2)(q2-n2))]Cmn=0 (38)

Equations (36-38) are now ready to be programmed to
generate the Galerkin equations as before.

Clamped, Simply Supported Boundary Condition
For a plate clamped on two opposite sides and simply sup-

ported on two opposite sides, one has the following bound-
ary conditions; at

(39)
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CLPT - CLASSICAL LAMINATED PLATE THEORY
SD -SHEAR DEFORMATION EFFECTS

SDRI - SHEAR DEFORMATION 8 ROTATORY
INERTIA EFFECTS

3 9-

20 30

Fig. 3 Normalized frequency vs thickness ratio; plate 1 (simply
supported boundary—first mode).
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' CLPT - CLASSICAL LAMINATED PLATE THEORY
SD - SHEAR DEFORMATION EFFECTS

SDRI - SHEAR DEFORMATION 8 ROTATORY
INERTIA EFFECTS

Fig. 4 Normalized frequency vs thickness ratio; plate 1 (simply
supported boundary—fifth mode).

and at

4- D - 0 (40)

Therefore, we shall choose for our admissible functions in
terms of normalized coordinates

M N

m = \ n=l
M N

m = \ n=\
M N

(41)

As before, substituting these functions and their ap-
propriate derivatives into Eqs. (24), (25), and (26), and in-
tegrating, simplifying, and taking only a finite number of

terms, we have the following equations:
From Eq. (24)

L, Li [K2(l/i or W1/2 or 0)(
m=1 n— 1

-ks2a/ir2 + X2//12S27r2) + (0 or 0 even, 2p odd)

x (0 or 0 even, 2q odd)(2Rmndl6)/((p2 - m2)

X (q2-n2))]Amn- [7r(0or 0 even, 2p odd)

x (!/2 or 0)(mnR(dl2 + tf66))/ (p2 - m2)

- TT( 1/2 or 0)(0 or even, 2<? odd)(ra2d16

+ n2R2d26)/(q2-n2)]Bmn- [(0 or 0 even, 2p odd)

x (Vi or 0)(/nfcw55)/ (p2 - m2)] Cmn = 0 (42)

from Eq. (25)

M N

1̂  5^ (TT(O or 0 even, 2p odd)(/2 or 0)(mnR(dl2

+ d66)V(p2 - m2) - TT (1/2 or 0)(0 or 0 even, 2n odd)

x (m2dl6 + n2R2d26)/(n2 - q2) + T(/2 or 0)

X [nRd26(\ - cos(mr) COS(^TT) ) ] }Amn + [7T2(!/2 or 0)

x (!/2 or 0)( - m2d66 - n2R2d22 - (ks2a44)/-K2

+ X2//12527r2) - (0 or 0 even, 2p odd)

x (0 or 0 even, 2n odd)(2Rmnd26)/((p2 - m2)

x(n2- q2)) + (0 or 0 even, 2p odd)

x [md26(l-cos(mr) c o s ( q i r ) ) ] / ( p 2 -m2)]Bmn

= 0 (43)

and from Eq. (26)

M N

J^ ^ (0 or 0 even, 2p odd)(l/2 or 0) (mksa55)
m—\n—\

+ (p2 - m2)Amn -ir(Y2 or 0)(1/2 or 0)(nRksa44)Bmn

+ [ir2(V2 or OX'/z or Q)(-m2ka55- n2R2ka44

+ (0 or 0 even, 2/7 odd)(0 or 0 even, 2p odd)

x (2k3mnR3\l)/(s2(p2-m2)(q2-n2))]Cmn=0 (44)

Equations (42-44) are now ready to be programmed to
generate the Galerkin equations as before. The eigenvalue
[ A ] x = \[B]x, where [^4] is the stiffness matrix and [B]
the combined mass and inertia matrix, can now be easily for-
mulated with the three Galerkin equations and solved to
determine the frequencies and mode shape.

Discussion and Results
Several different characteristics of both the Galerkin

technique and shear deformation and rotatory inertia effects
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were investigated. To explore the Galerkin technique, con-
vergence characteristics and a comparison to closed-form
solutions were researched. To study the effects of shear
deformation and rotatory inertia, several cases varying in
length to thickness ratio were investigated. We will begin our
discussion by describing the type of plates used in the subse-
quent analysis.

Laminated Plate Properties
Two different types of laminated plates were used in this

paper. Both consisted of a graphite-epoxy material (AS/3501)
with the following properties:

El/E2 = 15, G12/E2 = G13/E2 = 0.4286

G23/£2 = 0.3429, vl2 = QA (45)

One plate had a ply layup of [0/90]s and the second had a
layup of [dz45] s . Tables 1 and 2 contain the stiffness
elements.

The shear correction factor is chosen as the classical value
k = 5/6. For the [0/90] s laminate, some improved accuracy
may be obtained by using two shear correction factors, one
associated with A55 and another associated with A44. A pro-
cedure for determining these shear correction factors for or-
thotropic laminates has been previously outlined.9'10 The im-
proved accuracy by utilizing two shear correction factors is
likely to be marginal, except for very thick plates
(a/h,b/h<5). Thus, the classical values are utilized in con-
junction with all numerical results presented in this paper.

Galerkin Technique Characteristics
In using the Galerkin technique for solving the set of three

coupled partial differential equations, we have to ask two
questions: 1) Does the technique converge to a solution?
2) How does the solution compare with accepted theory? We
will now examine these two questions.

A discussion of the proof of convergence for the Galerkin
technique may be found in Ref. 11. A criterion based on the
method for convergence is whether the assumed functions
form a complete set of functions. No attempt to prove con-
vergence will be presented for the work completed herein.
However, we will show the necessary (but not sufficient)
condition that the frequency drops by smaller and smaller
amounts as the values of M and N are increased. Tables 3
and 4 show the values of the normalized frequency

[ua2(p/E2h3)] for the three boundary conditions considered
for the two plates with increasing values of M and N. The
tables are based on a length to thickness ratio of 20. Bound-
ary condition 1 is the simply supported case; boundary con-
dition 2 is the clamped case; and boundary condition 3 is the
clamped (two opposite sides) simply supported (two opposite
sides) case.

As can be seen in Table 3, the simply supported case for
the [0/90] 5 layup is an exact solution. This is to be expected
as this laminate is orthotropic. All of the other cases have
not converged but display characteristics that make one
believe they will converge as M and TV get larger. That is, for
every increase in M and TV, the normalized frequency drops
by a smaller and smaller amount.

These tables are by no means offered as proof of
convergence, but they do display good convergence character-
istics. They also point out a drawback with the Galerkin
method. As M and N increase, the computer memory space
required to generate the mass and stiffness matrices and to
solve the eigenvalue problem becomes quite large. Thus, if one
wants a very accurate answer, particularly for a higher mode,
one will need the appropriate computer resources.

A plot of the normalized frequency vs M and TV for
boundary condition 2 for the [ ± 45 ] s plate (third mode) is
presented in Fig. 2. This condition tends to have one of the
worst convergence tendencies of the group. However, even

-̂  13-

CLPT - CLASSICAL LAMINATED PLATE THEORY
SD - SHEAR DEFORMATION EFFECTS

SDRI - SHEAR DEFORMATION 8 ROTATORY
INERTIA EFFECTS

10 20 30 40 50
S

Fig. 5 Normalized frequency vs thickness ratio; plate 2 (simply
supported boundary—first mode).

M

Table 3 Normalized frequencies for plate 1

Nondimensional natural frequencies [0/90]s
graphite-epoxy, a/b=l, s = 2Q

N First mode Third mode Fifth mode

2
4
6
8

2
4
6
8

2
4
6
8

2
4
6
8

2
4
6
8

2
4
6
8

11.758
11.758
11.758
11.758

31.751
23.7341
22.992
22.776

24.870
21.235
20.814
20.697

Boundary condition 1
(exact solution)

36.866
36.866
36.866
36.866

Boundary condition 2
69.038
49.403
48.569
48.328

Boundary condition 3
65.306
45.463
45.256
45.225

—
42.573
42.573
42.573

—
67.560
57.062
55.665

—
52.438
51.832
51.664

M

Table 4 Normalized frequencies for plate 2

Nondimensional natural frequencies [±45] s
graphite-epoxy, a/b=l, s = 2Q

N First mode Third mode Fifth mode

Boundary condition
—

42.573
42.573
42.573

2
4
6
8

2
4
6
8

14.699
14.418
14.283
14.205

36.164
35.444
34.734
34.613

1
_

57.883
55.082
54.856

Boundary condition 2
2 2 31.091 69.925 —
4 4 22.363 44.553 72.156
6 6 21.412 42.964 64.264
8 8 21.110 42.449 63.095

Boundary condition 3
2 2 24.300 66.437 —
4 4 18.956 41.549 59.675
6 6 18.337 40.438 58.116
8 8 18.126 . 40.061 57.673
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SD - SHEAR DEFORMATION EFFECTS
SDRI-SHEAR DEFORMATION 8 ROTATORY

INERTIA EFFECTS

°\

0 10 20 30 40 50

Fig. 6 Normalized frequency vs thickness ratio; plate 2 (simply
supported boundary—fifth mode).

1.0

10

Fig. 7 Mode shape simply supported boundary; plate 1 (first
mode).

1.0

1.0

Fig. 8 Mode shape clamped boundary; plate 1 (first mode).

this condition shows good convergence behavior. In this
regard, the choice of functions to represent boundary condi-
tions must be considered. For such boundary conditions in
conjunction with classical laminated plate theory, the mode
shapes associated with the free vibration of beams have been
found to be quite satisfactory.12 For the present case,
however, the beam functions would be those associated with
the Timoshenko beam theory, which includes rotatory inertia
and transverse shear deformation. Such functions are not
very convenient to use. For example, these beam modes are a
function of the material properties and the span-to-depth
ratio of the beam. Each time one of these parameters is
changed, a new beam mode function must be generated. The
current choice of assumed functions is convenient, and the
numerical results indicate that they are adequate.

The next question deals with the accuracy of the numerical
results generated here. We will address this issue by investigat-
ing a very long, narrow plate. There are several reasons for
this. First, because of the nature of the system of equations for
our plate, we can zero out the rotatory inertia, but we cannot
zero out the shear deformation effect. When shear deforma-
tion is eliminated, the equations become very ill-conditioned
and the eigenvalue problem cannot be solved. Therefore, we
must look to commonly accepted theory that includes either
shear deformation or shear deformation and rotatory inertia
effects. We would also like to find a simply supported case for
an orthotropic plate because our Galerkin method represents
an exact solution for this case. Reference 3 did contain a
closed-form solution for an infinitely long, simply supported,
orthotropic plate including shear deformation effects, and this
is what the authors used to validate their program.

From Ref. 3, we have

where

(46)

(47)

Here co^ is the natural frequency calculated from the
classical theory based on the Kirchoff hypothesis. If we use
the properties for plate 1 (Table 1) and compute the fun-
damental frequency in normalized form for an infinitely long
plate, we obtain

u;na2(p/E2h3)lA = 10.402

uma2(p/E2h3)lA = 8.983 (48)

The authors cannot place an infinitely long plate into their
Galerkin algorithm. However, we can use a very long plate
such as one with a/b — 20. From Ref. 2 we can compute the
natural frequency without shear deformation and rotatory
effects from

<^2p = Dl, («f/a4) + 2(Dn + 2D66)/(a2/a2b2) + D22(a4
3/b4)

where
(49)

(50)

for all m and n (m and n determine the mode).
Again using the properties of Table 1 for our plate with

a/b = 20, we have

= 10.400 (51)

This compares to 10.402 for Whitney's infinitely long plate,
so we can conclude that our plate reasonably approximates
an infinitely long one and therefore use Eq. (46) to compare
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with our Galerkin solution. Table 5 shows the comparison
between the closed-form solution and the output from the
Galerkin method. As can be seen, excellent agreement was
obtained. Table 5 also shows the effect of rotatory inertia
for this condition.

It should be noted that the Galerkin method as formulated
in the present case from variational principles is equivalent
to the Rayleigh-Ritz method.9 That is, if our current as-
sumed functions were employed with the Rayleigh-Ritz
method, we would arrive at the same set of homogeneous
algebraic equations as in the present case with the Galerkin
method. Thus, both methods would produce identical
numerical results. However, the Galerkin method is more
convenient to apply than the Rayleigh-Ritz method.

Shear Deformation and Rotatory Inertia Effects
The second area of investigation was to determine the ef-

fect of shear deformation and rotatory inertia for the bound-
ary conditions considered. This was accomplished by varying
the length to thickness ratio and comparing those results to
classical laminated plate theory. Only square plates were
considered.

For the simply supported [0/90]5 plate, the length to
thickness ratio was varied from 5 to 50. The results are plot-
ted in Figs. 3 and 4 as the normalized frequency vs the
thickness ratio for the first and fifth bending modes. It can

1.0
CLAMPED

S.S.

CLAMPED

S.S.

1.0

Fig. 9 Mode shape clamped simply supported boundary; plate 1
(first mode).

1.0

Fig. 10
mode).

0 1.0
Mode shape simply supported boundary; plate 2 (first

be seen that shear deformation effects can be significant (up
to 33% lower for the first mode and 52% lower for the fifth
mode for a length to thickness ratio of 5) while rotatory iner-
tia effects account for only 2% lower frequency at the worst
point. Notice that as the length to thickness ratio approaches
50, we asymptotically approach the classical laminated
solution.

These same trends are seen for the [±45]s simply sup-
ported plate. Figures 5 and 6 plot the normalized frequency
vs the length of thickness ratio for the first and fifth modes
for this plate. Although the frequencies are slightly higher,
the same behavior occurs as before. The shear deformation
effect becomes significant for length to thickness ratios of
less than 35, and rotatory inertia effects are very small.
Table 6 presents this idea. There were no classical solutions
available to compare these results but, based on the behavior
of the first plate, we could estimate a first-mode normalized
frequency of about 15 and fifth-mode normalized frequency
of about 63.

Table 5 Galerkin method and closed-form solution

Comparison of plate 1
Nondimensional frequency wa2(p/E2h3)l/2

Mode
Closed-form solution

with SD

Galerkin method Galerkin method
with SD no RI with SD and RI

M=N=5

1
2
3
4
5

8.98
8.99
9.00
9.01
9.03

8.98
8.99
9.00
9.01
9.03

8.96
8.97
8.98
8.99
9.01

Note: SD = shear deformation, RI = rotary inertia.

Table 6 Shear deformation (SD)
and rotatory inertia (RI) effects for plate 2a_______

Nondimensional frequency <j)a2(p/E2h3Y/2

First mode Fifth mode
SD no RI SD and RI SD no RI SD and RI

5
10
15
20
25
30
35
40
50

9.62
12.83
13.88
14.31
14.53
14.65
14.72
14.76
14.88

9.57
12.77
13.84
14.28
14.51
14.63
14.71
14.75
14.87

25.66
42.06
50.79
55.42
58.05
59.65
60.67
61.37
62.23

25.51
41.69
50.39
55.08
57.77
59.43
60.49
61.23
62.13

aClassical laminated plate frequency: none available. Simply supported
boundary condition [±45]5, M=N=6.

Table 7 Comparison of shear deformation (SD) and rotatory
inertia (RI) effects on classical laminated plate theory3____

Nondimensional frequency a)a2(p/E2h3Y/2

First mode Fifth mode
SD no RI SD and RI SD no RI SD and RI

5
10
15
20
25
30
35

10.89
17.27
20.89
23.03
24.39
25.32
26.01

10.85
17.21
20.84
23.00
24.36
25.30
25.99

25.10
41.44
51.30
57.45
61.53
65.23
68.09

24.82
41.01
50.86
57.06
61.21
65.00
67.93

aClassical laminated plate frequency: first mode: 26.47, fifth mode: 74.25.
Clamped boundary condition [0/90] s, M = N = 6.
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1.0

0 1.0
Fig. 11 Mode shape clamped boundary; plate 2 (first mode).

1.0
CLAMPED

S.S.

CLAMPED

S.S.

10

Fig. 12 Mode shape clamped simply supported boundary; plate 2
(first mode).

Table 8 Comparison of shear deformation (SD) and rotatory
inertia (RI) effects on classical laminated plate theorya

Nondimensional frequency
First mode

SD no RI SD and RI
Fifth mode

SD no RI SD and RI

5
10
15
20
25
30
35

9.50
15.25
18.76
20.85
22.16
23.05
23.70

9.41
15.20
18.72
20.81
22.13
23.03
23.68

24.26
36.80
45.12
52.09
56.97
60.48
63.08

23.96
36.28
44.86
51.83
56.77
60.31
62.94

aClassical laminated plate frequency: first mode: 24.53, fifth mode: 70.26.
Clamped simply supported boundary condition [0/90]5, M = N = 6.

Tables 7 and 8 show the comparisons for the second and
third boundary conditions for the [0/90] s plate. They too
show the same type of trends as the previous two cases.
Shear deformation is a significant effect below length to
thickness ratios of 30, and rotatory inertia has little effect on
these bending modes.

Mode Shape Determination
When we solved the eigenvalue problem, we also got back

the values of the undetermined coefficients used to determine
the mode shapes for a particular frequency (this includes the

torsional modes as well). Figures 7-12 are contour plots of
the first modes for both plates using all three boundary con-
ditions. A length to thickness ratio of 10 was used in
generating these plots.

The verification of these mode shapes, due to the specific
material properties, could not be found in the literature.
Reference 12 does indicate a similar shape for the totally
clamped plate with [0/90]s and [ ±45]s orientations and a
El/E2 ratio very close to that used herein. Agreement with
this condition appears to be quite good.

Conclusions
Based on the analysis conducted herein, the following con-

clusions can be made:

1) The Galerkin technique is a valid approach to solving
the plate equations of motion for the boundaries considered
and is a viable alternative approach to the finite-element
method.

2) The natural frequency for a simply supported square
orthotropic plate for the first mode is 10% lower than the
classical laminated plate theory (CLPT) frequency at a
length to thickness ratio (represented by s) of 11 and drops
to 33% lower for an s of 5. For the fifth mode, the fre-
quency is 10% lower at an s of 23 and drops to 52% lower
for an 5 of 5.

3) For a cross-ply laminate with the same conditions as in
the preceding case, the same type of shear deformation ef-
fects were seen. No CLPT solution was found in the current
literature; therefore no comparison could be made.

4) The natural frequency for a square orthotropic plate,
clamped on all sides, for the first mode, is 10% lower than
the CLPT frequency for an s of 21 and drops to 59% lower
for an 5- of 5. For the fifth mode, the frequency is 10% lower
at an 5 of 33 and drops to 66% lower for an s of 5.

5) The natural frequency for a square orthotropic plate,
clamped on two opposite sides, simply supported on two op-
posite sides, for the first mode, is 10% lower than the CLPT
frequency for an s of 25 and drops to 61% lower for an s of
5. For the fifth mode, the frequency is 10% lower at an s of
35 and drops to 65% lower for an s of 5.

6) The effects of shear deformation are more significant
for the two clamped boundary conditions than for the simply
supported boundary.

7) The effects of shear deformation increase with increas-
ing mode for all three boundary conditions.

8) Analysis shows that rotatory inertia has very little ef-
fect for all three boundary conditions.
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